For a commutative ring with identity 1, we give a complete description of all overgroups of symplectic group Sp 2n R where either n 3 or n = 2 and R has no factor ring of two elements in general linear group GL 2n R.  2004 Elsevier Inc. All rights reserved.
Introduction
Let R be a commutative ring with identity 1 and J an ideal in R (J = R is possible). GL n R denotes the group of all invertible n by n matrices over R. For any ideal J of R, let E n J denote the subgroup of GL n R generated by all elementary matrices ξ ij (a) = I n + aE ij with a ∈ J , i = j , where E ij denotes the matrix with 1 at the position (i, j ) and zeros elsewhere. The normal subgroup of E n R generated by E n J is denoted by E n (R, J ).
Let
Sp 2n R = A ∈ GL 2n R: A t H A = H where H = 0 I n −I n 0 = α β γ δ ∈ GL 2n R: α t δ − γ t β = I n , α t γ = γ t α, β t δ = δ t β and GSp 2n R = A ∈ GL 2n R: A t H A = uH, where u ∈ R * , the set of units in R .
Define
CSp 2n J = Sp 2n R · E 2n (R, J ),
The main result of this paper is stated as follows.
Theorem. Let R be a commutative ring with 1. Assume that either n 3 or n = 2 and R has no factor ring of two elements. Let X be an overgroup of Sp 2n R in GL 2n R. Then there is a unique ideal J of R such that
CSp 2n J P X ⊆ CGSp 2n J.
Kantor [1] determined all overgroups of GL n (F qr ) in GL nr (F q ). For any pair of fields K and F with K ⊂ F and dim F K = r < ∞, Shangzhi Li [4] described the overgroups of Sp 2n K in GL 2nr F . When r = 1, i.e., K = F , the overgroups X of Sp 2n F in GL 2n F satisfy either
Before this, Mclaughlin [8] obtained a partial result. Some results on overgroups of G(K) in GL n F , where G(K) is a certain classical group over K, can be found in [5] [6] [7] . Recently the author and Baodong Zheng [14] studied the overgroups X of Sp 2n R in GL 2n R where R is a local ring. In this paper, the author extends the result in [14] to a commutative ring R except for the case of n = 2 and R has factor ring of two elements.
It is obvious that our result covers the two cases stated above when R = F is a field, because R = F only has two ideals {0} and R, and E 2n F = SL 2n F over any field F . For n = 1, the result is trivial since Sp 2 R = SL 2 R and GSp 2 R = GL 2 R.
Basic lemmas
With n fixed for any 1 k 2n, set σ k = k + n if k n and σ k = k − n if k > n. For a ∈ R and 1 i = j 2n we define the elementary symplectic matrices ρ i,σ i (a) and ρ ij (a) with j = σ i as follows: ρ i,σ i (a) = I 2n + aE i,σ i , ρ ij (a) = ρ σj,σ i (−a ) = I 2n + aE ij −a E σj,σ i with a = a when i, j n or n + 1 i, j ; a = −a when i n < j or j n < i.
Lemma 1.1 [13] . The following identities hold for elementary symplectic matrices (1 i = j 2n):
The following identities hold (1 i = j 2n):
Note that the following matrices are in Sp 2n R: For an invertible matrix g = (g ij ), define the order o(g) of g to be the ideal generated by all g ii − g jj and g ij (i = j ). The order of a subgroup X in GL 2n R is o(X) = g∈X o(g).
Preliminary results
Lemma 2.1. Let X be an overgroup of Sp 2n R in GL 2n R which contains an elementary matrix ξ ij (a) with j = σ i and a ∈ R. Then X contains E 2n (aR).
Proof. Without loss of generality we assume that X contains ξ l2 (a) and n 2.
(
(ii) n 3. By Lemma 1.2, all ξ ij (aR) for 1 i = j n and n
For any ideal J of R, define SE 2n (R, J ) to be the subgroup of GL 2n R generated by the elements of the form
, the normal subgroup of ESp 2n R generated by ESp 2n J (see [2, 3] ), and note that
Proposition 2.2. For any ideal J of R and n 2, SE 2n (R, J ) = E 2n (R, J ).

Proof. It is obvious that
where a ∈ J and h ∈ GL 2n R. Let v stand for the kth column of h and w for the lth row of h −1 . Then v ∈ Um 2n (R), the set of unimodular vectors over R, and 
, we need only to prove that I 2n + a v 0 u t 0 ∈ SE 2n (R, J ). We distinguish the following two cases: 
(ii) j = σ i. We may assume that 1 i, j n. In fact, if 1 i n, n + 1 j 2n, using π j,σj to conjugate I 2n + a v 0 u t 0 , we reduce to the case of 1 i, j n.
Observe that (see [10, Lemma 1.1])
where µ = (µ 1 , 0) and
, with 1 i, j n; ω = −µν(I n + µν) −1 ∈ M n (J ). Since the first two matrices on the right side of the above equation lie in E 2n J , we only need to show that
Without loss of generality, we may assume n = 2.
. Using π 13 to conjugate η, we have
Hence η ∈ SE 4 (R, J ) as π 13 ∈ ESp 4 R. We complete the proof. 2
For an ideal J of R, let λ J denote the group homomorphism: GL 2n R → GL 2n (R/J ) and Sp 2n R → Sp 2n (R/J ) induced by the canonical ring homomorphism: R → R/J . For a maximal ideal M of R, the localization: R → R M induces the group homomorphism
Proof. By the assumption, there is an invertible matrix g in X such that g / ∈ GSp 2n R. This means g t Hg = uH for all u ∈ R * , i.e., H −1 g t Hg = uI 2n . Note that h = H −1 g t Hg ∈ X and h is not a central element (i.e., h = uI 2n ).
(R). This would imply o(h) = 0 since o(h) is an R-module. This is a contradiction. 2
When no confusions can arise, ϕ M is simply denoted by ϕ. Lemma 2.5. Let M be a maximal ideal in R and let h ∈ ESp 2n R M . Assume that either n 3 or n = 2 and R has no factor ring of two elements. Then there exists s ∈ R\M such that
Proof. For n 3, the conclusion has been established in [3] (see also [11] ). So we consider only the case of n = 2. First we show that hρ ij (Rc 3 )h −1 lie in ESp 4 (Rc) (this is true for all n 2) for any elementary symplectic matrix h. Except for the following two cases, the consequence is easily derived from Lemma 1.1.
Case 1. h = ρ σ i,i (b), ρ = ρ i,σ i (c 3 a).
By the assumption, 1 is the sum of elements of the form (r 2 − r)s with r, s ∈ R. Then 
= ρ σ i,i (b)ρ ij (c)ρ σ i,i (−b), ρ j,σj (cars)
i.e., hρh −1 ∈ ESp 4 (Rc). 
Before stating and proving the following lemma we want to point out that for any overgroup X of Sp 2n R in GL 2n R (n 2) not contained in GSp 2n R, there is certainly an element g in X with at least one column v i such that u σ i = αṽ i (or u σ i = −αṽ i ), where u σ i is the σ ith row of g −1 .
In fact, if g is almost generalized symplectic, i.e., there is a diagonal matrix d = diag(α 1 , . . . , α n , α n+1 , . . . , α 2n ) with α i = α j for some i = j , such that dg −1 = H −1 g t H (this is equivalent to that u i = α iṽσ i or u i = −α iṽσ i , where u i is the ith row of g −1 and v σ i is the σ ith column of g, respectively), then we can find a symplectic matrix ρ such that ρdρ −1 is not diagonal for any 
h −1 has the following form: Proof. If X ⊆ GSp 2n R, then Sp 2n R · E 2n (R, 0) = Sp 2n R ⊆ X, and Sp 2n R is normal in X by Corollary 2.8. Now suppose that X ⊆ GSp 2n R. By Proposition 2.7 and Lemma 2.1, E 2n (aR) ⊆ X for some a ∈ R. Let J = {x ∈ R: E 2n (xR) ⊆ X}. It is easy to show that J is an ideal of R. Thus E 2n (R, J ) ⊆ X by Proposition 2.2.
Denote R = R/J , and X = λ J (X). We have Sp 2n R ⊆ X. If X ⊆ GSp 2n R, then there exists some ξ ij (a) ∈ X with j = σ i and 0 = a ∈ R by Proposition 2.7. Note that a / ∈ J . Thus there is h ∈ X such that λ J (h) = λ J (ξ ij (a)). Take g = ξ ij (−a)h ∈ ker λ J . Choose ρ = ρ j,σj (1) . By This is contradictory to that a / ∈ J . Thus, X must be in GSp 2n R. Hence J is maximal such that Sp 2n R · E 2n (R, J ) ⊆ X, and is uniquely determined.
The normality of CSp 2n J = Sp 2n R · E 2n (R, J ) in X can be derived from Proposition 2.2, Remark 2.3, Proposition 2.7, and the above results directly. 2
